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Abstract
We revisit the construction of stable envelopes in equivariant elliptic cohomology [1] and
give a direct inductive proof of their existence and uniqueness in a rather general situation.
We also discuss the specialization of this construction to equivariant K-theory.
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1 Set-up
1.1 Assumptions
1.1.1
Let X be a smooth quasi-projective algebraic variety over C with an action of a torus T. Since
X is smooth, it follows, see e.g. Theorem 5.1.25 in [8], that the action of T can be linearized,
that is, the quasi-projective embedding X ⊂ P(CN) may be chosen T-equivariant.
1.1.2
The logic of this paper does not require any assumptions about equivariant formality, tauto-
logical generation, or the vanishing of the odd cohomology of X.
1.1.3
We require that the union of attracting manifolds for A is closed in X, see Section 1.2.3.
1.1.4
Stable envelopes are improved versions of attracting manifolds for a subtorus A ⊂ T. If
rkA > 1, the existence of stable envelopes puts a nontrivial constraint on the A-action, see
Section 2.1.8.
One geometrically transparent way to satisfy this constraint is to have an A-polarization,
that is, a class T
1/2
X ∈ KA(X) such that
TX = T
1/2
X +
(
T
1/2
X
)∨
in KA(X) .
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Existence of a polarization is assumed in the definition of elliptic stable envelopes given in
[1]. Here we work with weaker assumptions.
1.2 Attracting manifolds
1.2.1
The setup is the same as e.g. Section 3.2 of [19] or Section 3.1 of [1]. Let
XA =
⊔
Fi
be the decomposition of the A-fixed locus into components. Since X is smooth, each Fi is
smooth.
1.2.2
The A-weights in the normal bundle NX/XA form a finite subset {wi} ⊂ char(A). The dual
hyperplanes partition the vector space
LieR A = cocharA⊗Z R (1)
into finitely many chambers. A choice of a chamber C separates {wi} into those positive on
C, which we call attracting, and those negative on C, which we call repelling. We define
a→ 0C ⇔ wi(a)→
{
0 , wi is attacting ,
∞ , wi is repelling .
The point 0C may be interpreted as a fixed point in the toric compactification A ⊃ A defined
by the fan of the chambers.
1.2.3
While the ability to vary C is essential in the general development of the theory, in this paper
we can fix a choice of C once and for all. It gives a locally closed submanifold
Attr = {(x, y), lim
a→0
a · x = y} ⊂ X× XA .
Its projection to two factors is a locally closed embedding and a fibration is affine spaces,
respectively, by the classical results of [5].
We require that the image of Attr in X is closed, cf. Section 1.1.3.
For a component F of the fixed locus XA, we denote by Attr(F ) ⊂ X its attracting
manifold. This is a projection of a component of Attr to the first factor.
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1.2.4
Since the A-action on X is linearized, the set of components {Fi} is partially ordered by the
containment in the closure of the attracting manifolds, that is,
Attr(Fi) ⊃ Fj ⇒ Fi ≥ Fj . (2)
Iterating taking closures and attracting manifolds produces a T-invariant singular closed
subvariety
Attrf ⊂ X× XA (3)
formed by the pairs (x, y) that belong to a chain of closures of attracting A-orbits. By
construction, Attrf ⊂ Attr≤, where
Attr≤ =
⋃
Fj≤Fi
Attr(Fj)× Fi . (4)
1.2.5
Stable envelopes are certain canonical T-equivariant correspondences supported on Attrf .
Their exact flavor depends on the chosen cohomology theory. The main focus in this paper
is on stable envelopes in equivariant elliptic cohomology, as defined in [1].
1.2.6
The main aspect in which elliptic cohomology differs from equivariant cohomology H•T(X) or
equivariant K-theory KT(X) is the following. While cohomology classes form a supercom-
mutative ring, one doesn’t tend to think about them as functions on SpecH•T(X). In elliptic
theory, SpecH•T(X) is promoted to a superscheme
(SpecH
•
T(X), H
•
T(X)) (EllT(X),O
•
EllT(X)
) ,
which is no longer affine. As a result, global sections of O•EllT(X) are not rich enough to account
for the geometry of T and X.
In a nutshell, elliptic cohomology classes are sections of line bundles on EllT(X). In
particular, the elliptic stable envelopes are global sections of certain line bundles on EllT(X×
XA). We note that the very existence of the required line bundles puts a nontrivial constraint
on the A-action on X, see Section 2.1.8.
1.3 Equivariant elliptic cohomology
1.3.1
Let E be an elliptic curve over a Noetherian affine base scheme B. For the purposes of this
paper, one doesn’t loose or gain much if one assumes that B = SpecC or B = SpecC((q)).
Since elliptic stable envelopes are unique without invoking any equivalence relations, their
construction is local over the base scheme.
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1.3.2
Let G be a compact Lie group. Equivariant elliptic cohomology, developed in [11–13,15,18,22]
and other papers, defines a functor
EllG(X, ∂X) :
{
pairs of G-spaces
}→ {graded superschemes over B} , (5)
covariant with respect to action-preserving maps
f : (G1,X1, ∂X1)→ (G2,X2, ∂X2) . (6)
In this paper, we stay entirely in the world of unitary and abelian groups G. We assume that
E is such that the functor (5) has been defined.
For G connected, we denote the split reductive group over Z corresponding to G by the
same symbol G. With this convention, we can talk about both the A-attracting manifolds
and A-equivariant elliptic cohomology without overloading the notation.
We abbreviate EllG(X, ∂X) to EllG(X) when ∂X = ∅.
1.3.3
To save on notation for functorial maps, we abbreviate Ell(f) to just f in what follows. We
use f ∗ and f∗ to denote pullback of coherent sheaves under Ell(f). Note the crucial difference
between f∗ and push-forward in elliptic cohomology, see Section A.3.1.
1.3.4
The grading in (5) refers to the Z-grading of the structure sheaf
O
•
EllG(X)
=
⊕
k∈Z
OkEllG(X) (7)
of EllT(X). Periodicity in elliptic cohomology means that
Ok−2EllG(X) = O
k
EllG(X)
⊗ ω , ω = T ∗originE ,
where ω is a line bundle pulled back from the base B. This can be interpreted as having the
whole theory not over B but over the total space of a Gm-bundle associated to ω.
1.3.5
Line bundles L on EllG(X) will be, by definition, graded, that is, we set
Pic(EllG(X)) = H
1
((
O0EllG(X)
)×)
. (8)
These can be interpreted as invertible graded O•EllG(X)-bimodules and they form a commutative
group with respect to ⊗.
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1.3.6
Stable envelopes are even classes and OkEllG(X) with k 6= 0 will not play an important role in
this paper. For brevity, we will suppress the degree grading from our notation, except where
it essential (which happens in the analysis of the long exact sequence in Section 2.5).
1.3.7
By construction,
EllC×(pt) = E
and
C× × C× (z1,z2)→z1z2 //
Ell•(pt)

C×
Ell•(pt)

E × E group law // E
. (9)
One can treat the coordinate on C× is a stand-in for the unavailable coordinate on E. If fact,
for B = SpecC one can take E = C×/qZ for some |q| < 1.
1.3.8
The map to the point
pX : (T,X)→ (T, pt) (10)
makes EllT(X) a scheme over
ET
def
= EllT(pt) = cochar(T)⊗Z E . (11)
1.3.9
We will be using various constructions in elliptic cohomology which are reviewed in Appendix
A.
1.4 Plan of the paper and acknowledgments
1.4.1
The three main sections of the paper are devoted to: (1) the proof of existence and uniqueness
of stable envelopes in equivariant elliptic cohomology, (2) same in equivariant K-theory, (3)
the relation between the two construction.
Elliptic cohomology meets K-theory when the underlying elliptic curve degenerates to a
nodal curve of genus 1. We prove that this degeneration respects stable envelopes, strength-
ening earlier results of [1, 17]. Perhaps the reader will find some independent use for the
notions of compactified K-theory and nodal K-theory which we develop in the course of the
proof.
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1.4.2
Further applications of the inductive construction of stable envelopes will be given in part II
of this paper.
1.4.3
The present paper grew our of the author’s joint projects [1,16] with Mina Aganagic, Davesh
Maulik, and Daniel Halpern-Leistner. It owes a lot to all of them. While, perhaps, we achieve
a certain progress on a number of technical points in this paper, the reader should consult
[1, 16] as well as perhaps [2, 19, 21] for a comprehensive discussion of stable envelopes and
their many applications.
1.4.4
I am very grateful to V. Alexeev, R. Bezrukavnikov, B. Bhatt, A. Blumberg, J. de Jong,
I. Krichever, M. Mustata, B. Poonen, E. Rains, R. Rouquier, D. Sinha, and others for
valuable correspondence during the writing of this paper.
1.4.5
I am grateful to the Simons Foundation for being supported as a Simons Investigator. I
thank the Russian Science Foundation for the support by the grant 19-11-00275.
2 Elliptic stable envelopes
2.1 Attracting manifolds again
2.1.1
Let F be a component of the fixed locus XA and consider the diagram
X× F
p1

p2
((
Attr(F )
oo
pi

X F ,ιoo
(12)
in which ι and  are inclusions, p1 and p2 are projections as in (91), and
pi = p2 
is a fibration in affine spaces, and thus a homotopy equivalence. In particular,
pi : EllT(Attr(F ))
∼−−−−→ EllT(F ) ,
is an isomorphism.
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2.1.2
Restricted to F , any A-equivariant K-theory class decomposes according to the characters
of A and, in particular, splits into attracting, repelling, and A-fixed directions. For instance,
we have
TX
∣∣
F
= NX/F,>0 +NX/F,<0 + TF , (13)
where the subscripts> 0 and< 0 indicate the attracting and repelling directions, respectively.
With this notation, we have
N = pi
∗(TF +NX/F,<0) , (14)
where Nj is the normal bundle to the inclusion  in (12).
2.1.3
Recall we think of sections of line bundles L on EllT(X) as elliptic cohomology classes
assigned to cycles in X. For instance, if we have a proper complex oriented map
f : Y → X
and there is a bundle V on X such that f ∗V = Nf then f~ induces a section
OET → Θ(V )
which represents in elliptic cohomology what we would call f∗[Y ] ∈ H•T(X). For example, the
inclusion pt → X of a fixed point gives a section of L = Θ(TX), while the constant section
of L = OEllT(X) corresponds to the identity map X→ X .
The degree
degL ∈ Pic(EllT(X))
/
Pic0(EllT(X))
gives a measure of the codimension of the corresponding cycle. In particular, the degree
degAL in equivariant variables as defined in (83) is a coarse measure of the codimension.
2.1.4
Since we are looking for a line bundle S to represent attracting manifolds, it is logical to
make the following
Definition 1. A line bundleS on EllT(X) is called attractive for a given choice C of attracting
directions if
degAS = degA Θ(NX/XA,<0) . (15)
For a given line bundle S on EllT(X) we define
SA = ι
∗S ⊗Θ(−NX/XA,<0) ∈ Pic(EllT(XA)) . (16)
Clearly, (15) is equivalent to degASA = 0. Also, all attractive bundles form a principal
homogenous space under
Ker degA ⊂ Pic(EllT(X)) ,
which contains all Ka¨hler line bundles.
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2.1.5
Lemma 2.1. If S is attractive and  in (12) is proper, then ~ gives a section
[Attr] : OET → S  (SA)O . (17)
Recall that  denotes the tensor product of pullbacks via two projection maps, here p1 and
p2. Also note that the duality ( · )O, which was defined in (87), is applied here in the XA
factor.
Proof. Note that the outer square in (12) commutes up to homotopy
p1  ∼ ι pi . (18)
Therefore
∗p∗1S = pi
∗ι∗S
and
∗
(
S  (SA)O
)
= Θ(pi∗(TF +NX/F )) = Θ(N) ,
as required.
2.1.6
From (13), we observe the following
Lemma 2.2. If S is attractive for C then S O is attractive for −C.
2.1.7
It is an interesting question to characterize A-actions having attractive line bundles. In
general, the functor
(G,X)→ H•
((
O0EllG(X)
)×)
. (19)
that generalizes (8) is an interesting functor to complexes of abelian groups.
2.1.8
Simple examples, starting with the the maximal torus A ⊂ PGL(3) acting on P2, show that
attracting line bundles S typically do not exist if rkA > 1. In fact, any subtorus A′ ⊂ A
gives the following potential obstruction to the existence of attracting bundles in the style of
[14].
Proposition 2.3. Let F1 and F2 be two components of X
A that belong to the same component
of XA
′
where A′ ⊂ A is a subtorus. If
degA/A′ Θ(NX/F1,<0) 6= degA/A′ Θ(NX/F2,<0)
then no attractive bundle S exists.
A simple way to guarantee the existence of S is to assume that X has a polarization.
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2.2 Polarization and dynamical shifts
2.2.1
By definition, a polarization of X with respect to A is a class T
1/2
X ∈ KA(X) such that
TX = T
1/2
X +
(
T
1/2
X
)∨
(20)
in KA(X). The existence of a polarization implies, in particular, that dimX is even. Like any
A-equivariant K-theory class, T
1/2
X may be lifted to a T-equivariant class so that (20) holds
modulo
IA = ideal of A ⊂ KT(pt) .
2.2.2 Example
Suppose we have a T-equivariant diagram
X
open //
p
''
T ∗M

M
. (21)
Then either Ker(dp) or p∗TM give a polarization with respect to
A = T ∩ Aut(X, ω) ,
where ω is the canonical symplectic form.
The base M in (21) may be a quotient stack, and Nakajima quiver varieties [20] are
constructed as X of this form. Recall that Nakajima varieties and closely related algebraic
varieties are among the most important objects in geometric representation theory. In fact,
stable envelopes give one geometric approach to extracting representation theory from them,
see [19, 21] for an introduction.
2.2.3
Proposition 2.4. If T 1/2 is a polarization then S = Θ(T 1/2) is attractive for any C.
Proof. From (20) and (13) we conclude
NX/XA,<0 = T
1/2
<0 +
(
T
1/2
>0
)∨
+ δυ , δυ ∈ IAKT(XA) , (22)
where T
1/2
≷0 denote the attracting and repelling parts of T
1/2
∣∣
XA
. The equality (79) and
degA Θ(δυ) = 0
prove the claim.
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2.2.4
The K-theory class δυ depends on the choice of C, that is, on the choice of the attracting
directions. In this sense it is dynamic. It also corresponds to the dynamical variables in the
elliptic quantum groups, see [1]. Dynamical is a Greek word which starts with δ and υ, the
notation δυ is chosen to reflect this.
2.2.5
When one starts composing elliptic stable envelopes, then the following formula is useful:
S = Θ(T 1/2X ) ⇒ SA = Θ(T 1/2XA )⊗Θ(−δυ) . (23)
Thus the twist by Θ(δυ) becomes the dynamical shift which is an important phenomenon in
the theory of elliptic quantum group. To set it up correctly, it is useful to have the following
formula for Θ(δυ) in terms of the Ka¨hler line bundles.
Let {ti} ⊂ char(T/A) be a set of coordinates on T/A. By hypothesis, there exist
nonunique υi ∈ KT(XA) such that
δυ =
∑
(ti − 1)υi .
Therefore
Θ(δυ) = Θ(−∑ ti rk υi)⊗⊗U (υi, ti) . (24)
For our purposes in this paper it is not important to unpack the bundle Θ(δυ).
2.2.6 Example
Let X = T ∗P(Cn) with the action of GL(n) × C×, where ~ ∈ C× scales the cotangent fibers
with weight ~−1. Let
A = diag(a1, . . . , an) ⊂ GL(n) ,
be a maximal torus and choose C so that
a→ 0C ⇔ ∀i, ai/ai+1 → 0 .
We take the pullback of TP(Cn) as the polarization of X.
The fixed locus XA = unionsqFk consists of n isolated points — coordinate lines in Cn. They
are ordered as follows
F1 < F2 < · · · < Fn
in the sense that each Fi lies in the closure of the attracting manifold of Fi+1.
The restriction of the tangent bundle to k-th point has the character
TX
∣∣
Fk
=
∑
i 6=k
(
ai
ak
+
ak
~ai
)
,
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in which the terms without ~ give the polarization. Therefore
δυ
∣∣
Fk
= (~−1 − 1)
∑
i<k
ak
ai
.
Other choices of C will give a different order >C on the set of fixed components Fk, and the
general formula is
δυC
∣∣
Fk
= (~−1 − 1)
∑
Fi<CFk
ak
ai
.
2.3 Resonant locus
2.3.1
Elliptic stable envelopes are sections of the form (17), except they have poles for certain
resonant values of the parameters. The resonant locus ∆ is defined as follows.
2.3.2
Recall that we have maps
EllT(X)
ι←− EllT(XA) p−→ ET φ−−→ ET/A , (25)
which correspond to
ι = inclusion XA → X ,
p = map to a point XA → pt ,
φ = quotient T→ T/A .
2.3.3
Let Fj < Fi be a pair of components of X
A that are comparable in the partial order from
Section 1.2.4 and consider the following special case of (82)
EllT(Fj × Fi) φ //
ψ
**
p

EllT/A(Fj × Fi)
p

ET
φ // ET/A
, (26)
in which ψ is the diagonal is the commuting square.
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2.3.4
Let S be an attractive line bundle on X and recall that in (16) we have defined a line bundle
SA on XA with degASA = 0.
Definition 2. The resonant locus ∆ is the union of
p
(
suppR
•
φ∗
(
SA,Fj  (SA,Fi)
−1)) ⊂ ET/A
over all pairs Fj < Fi of components of the fixed locus. The complement of ∆ is called
the nonresonant set. We use the same terms for the preimages of ∆ and its complement in
EllT(X).
Definition 3. An attractive line bundle is called nondegenerate if the nonresonant set is
open and dense in EllT(X).
Evidently,
suppR
•
ψ∗
(
SA,Fj  (SA,Fi)
−1) ⊂∆ .
2.3.5
Let G be a coherent sheaf on EllT(X) and let
i∆ : EllT(X)nonresonant → EllT(X)
be the inclusion of the nonresonant set. We define
G (∞∆) = i∆,∗ i∗∆ G .
Informally, these are sections of G with poles of arbitrary order along ∆. As we will see,
elliptic stable envelopes will have such poles.
2.3.6
Note that φ is an EA-fibration and that the line bundle SA,Fj  (SA,Fi)
−1 has degree 0 along
the fibers of φ. Therefore, the following general statement can be used to bound ∆.
Abstractly, let φ : A → B be a Abelian variety over a base scheme B and let L be a
line bundle on A which is algebraically equivalent to zero on fibers of φ.
If B = Speck, where k is a field, then
R
•
φ∗L = 0⇔ L 6= OA . (27)
By semicontinuity of cohomology, this implies the following
Lemma 2.5. If L 6= OA over the generic point of every component of B then
B \ suppR•φ∗L ⊂ B
is an open dense subset.
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2.3.7 Example
In the situation of Example 2.2.6, let O(1) ∈ PicT(X) have the standard linearization, with
respect to which
weightO(1)
∣∣
Fk
= a−1k .
We enlarge the base B by pullback via
Bnew = Bold × Ez → Bold (28)
and take
S = Θ(T 1/2)⊗U (O(1), z)
where U is defined in (97). We have
U (O(1), z)
∣∣
EllT(Fk)
= Θ((z − 1)(a−1k − 1)) ,
Θ(−δυ)∣∣
EllT(Fk)
= Θ(−(~−1 − 1)(aµk − 1)) ,
where
µk = (−1, . . . ,−1︸ ︷︷ ︸
k − 1 terms
, k − 1, 0, . . . ) .
Therefore, for i > j,
SA,Fj  (SA,Fi)
−1 = Θ((z − 1)(aj/ai − 1)− (~−1 − 1)(aµj−µi − 1) .
This has a chance to be trivial along the EA-fibers only if the characters aj/ai and aµj−µi are
dependent in char(A), which happens for j = i− 1 with
aµi−1−µi = (ai−1/ai)i−1 .
Then we get
SA,Fi−1  (SA,Fi)
−1 = Θ((zh1−i − 1)(ai−1/ai − 1)) .
Thus
∆ = Θ
(
n∑
i=1
z~1−i
)
.
In English, this is the locus where
z ∈ {1, ~, . . . , ~n−1}
if we think of these as coordinates on ET/A × Ez. Compare this with the poles in z in the
explicit formula for elliptic stable envelopes for X = T ∗P(Cn) discussed in Section 3.4 of [1].
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2.3.8
Proposition 2.6. Every line bundle S can be made nondegenerate if one enlarges the base
as in (28).
Proof. Let O(1) ∈ PicT(X) be an ample line bundle. Take the pullback of E to the new base
(28) and consider
Snew = Sold ⊗U (O(1), z) .
This reduces to old line bundle over the origin of the Ez-factor.
By construction, this twists SA,Fi−1  (SA,Fi)
−1 by
U
(
O(1)
∣∣
Fj
− O(1)∣∣
Fi
, z
)
. (29)
In Lemma 2.7 below, we check that O(1) has different A-weights at Fi and Fj provided
Fj < Fi. Therefore the line bundle (29) is nonconstant along the Ez-direction and, in
particular, nontrivial over the generic point of every component of
EllT(X)new = EllT(X)×B Bnew .
2.3.9
Lemma 2.7. Suppose F1 and F2 are two components of the fixed locus such that F1 > F2
and suppose L ∈ PicA(X) is ample. Then
weightL
∣∣
F1
− weightL ∣∣
F2
>C 0 (30)
where >C 0 means that it is positive on the interior of C as a linear function on (1).
Proof. Let
σ : C× → A
be a generic cocharacter in the interior of C. Since Fi > Fj, these two components are
connected by a chain of closures of attracting σ-orbits. Computing the L -degree of these
orbits by σ-equivariant localization, we find〈
weightL
∣∣
F1
− weightL ∣∣
F2
, σ
〉
> 0 .
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2.4 Definition of Stab
2.4.1
In addition to the set Attr≤ defined (4), we introduce
Attr< =
⋃
Fj<Fi
Attr(Fj)× Fi . (31)
Note that the map  in (12) is proper on the complement of Attr< and thus the section [Attr]
in (17) is defined there.
2.4.2
Definition 4. Let S be a attractive line bundle for a given choice C of attracting directions.
The elliptic stable envelope for S is a section
Stab : OET → S  (SA)O (∞∆) . (32)
which is supported on
Attrf ⊂ X× XA
and equals [Attr] on the complement of Attr<.
2.4.3
In terms of algebraic geometry of the scheme EllT(X), stable envelopes solve an interpolation
problem: they take a given value modulo the ideal I< which is the kernel of the restriction
map
0→ I< → OEllT(X×XA) → OEllT(X×XA\Attr<) .
Existence and uniqueness in interpolation of sections of a line bundle L requires its degree
degL to satisfy a certain balance: larger degree makes existence easier and uniqueness
harder, and vice versa. Our Definition 1 provides the right balance.
2.4.4
The main goal of this paper is to give a direct proof of the following
Theorem 1. Elliptic stable envelopes exist and are unique. In fact, they are unique among
correspondences supported on the set Attr≤ defined in (4).
The proof of uniqueness given in Section 3.5 of [1] adapts to the setup of the present
paper. Existence of elliptic stable envelopes was shown in [1] for Nakajima varieties using
global techniques, namely abelianization [23]. That line of reasoning has the advantage of
giving explicit formulas, see examples in [1] and [24]. It also has its limitations, which is why
it is good to have an inductive (and, in that sense, local) argument for existence.
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2.4.5
We refer to [1] for examples of applications of elliptic stable envelopes in enumerative geome-
try and geometric representation theory. See also [2] for their interpretation in mathematical
physics.
2.5 Proof of Theorem 1
2.5.1
Since long exact sequence of cohomology will be needed, we restore the cohomological grading
in O• and S •.
2.5.2
Since XA is disconnected, we may work with one component at a time. We fix one such
component F0.
2.5.3
Choose an arbitrary refinement of the partial order (2) to a total order and define
Yi =
⋃
Fj≤Fi
Attr(Fj) , Y<i =
⋃
Fj<Fj
Attr(Fj) .
We denote by
Xi = X \ Yi , X<i = X \ Y<i
the complements of these sets. The sets X<i form an increasing sequence of open set, even-
tually covering all of X.
2.5.4
By definition,
Stab
∣∣
X<0×F0 = [Attr] .
The inductive construction of stable envelopes refers to extending to all X<i×F0 by decreasing
induction in i.
2.5.5
In one step of this induction, we abbreviate
F = Fi
17
and we redraw the diagram (12) as follows
X<i × F
p1

Attr(F )
¯
vv
oo
pi

X<i F ,
ιoo
(33)
in which
¯ = p1 ◦ 
is a proper embedding.
Let N = NX/F be the normal bundle to F in X and let N<0 denote the repelling part of
this bundle. The normal bundle to ¯ has the form pi∗N<0 and thus we have the map
¯~pi
∗ : Θ•(−N<0)→ O•EllT(X<j) . (34)
2.5.6
Lemma 2.8. The map of sheaves (34) is injective.
Proof. Consider
ι∗~pi∗ : Θ
•
(−N<0)→ O•EllT(F ) .
This map is multiplication by the canonical section ϑ of Θ•(N<0) that vanishes on the Chern
roots of N<0, see (77).
The kernel of ~pi
∗ has to be a subsheaf supported on {ϑ = 0} but O•EllT(F ) has no such
subsheaf. Indeed, since A acts trivially on F , O•EllT(F ) is pulled back via the map φ in (82).
On the other hand, {ϑ = 0} contains no fibers of φ since all Chern roots of N<0 are nonzero
when restricted to A, which means that the image of the map
c(N<0) : EA → SrkN<0E
is not contained in the divisor DΘ in (76).
2.5.7
Consider the long exact sequence of the pair associate to the embedding ¯ and note that
Xi = X<i \ Attr(F )
by construction.
Since the pushforward maps in this long exact sequence are injective, all connecting
homomorphism are zero, and we get the following
Proposition 2.9. We have a short exact sequence of sheaves
0→ Θ•(−N<0) ¯~pi
∗−−−→ O•EllT(X<i) → O
•
EllT(Xi)
→ 0 , (35)
in which the surjection is pullback with respect to the open embedding Xi → X<i.
From this point on, we are interested only in the 0 cohomological degree part of all
sheaves, so we drop the degree grading.
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2.5.8
We now consider the product X<i × F0 and tensor (35) with S •  (S •A)O. We get
0→ SA,Fi  (SA,F0)O → S  (SA)O
∣∣∣
X<i×F0
→ S  (SA)O
∣∣∣
Xi×F0
→ 0 . (36)
2.5.9
Observe that the second term in
(SA,F0)
O = (SA,F0)
−1 ⊗Θ(TF0)
is pulled back via φ. Therefore
suppR
•
ψ∗
(
SA,Fj  (SA,Fi)
O) ⊂∆ .
This means that (49) induces an isomorphism
H0(X<i × F0,S  (SA)O (∞∆))→ H0(Xi × F0,S  (SA)O (∞∆)) ,
which completes the induction step.
2.5.10
This proves the existence and uniqueness for stable envelopes as correspondences supported
on Attr≤. To show they are supported on Attrf , one applies the uniqueness to the manifold
X \ Attrf . This finishes the proof.
3 Toric varieties and equivariant K-theory
3.1 Cohomology vanishing
3.1.1
Our next goal is to explain how the above line of reasoning may be adapted to equivariant
K-theory. The first result we need is the toric analog of the vanishing (27).
We note that the cohomology of the sheaves O(∆λ) that will appear below may be shown
to vanish in many different ways, including direct Cˇech complex computation in the style of
[9, 10], or perhaps using the relation of O(∆λ) to multiplier ideal sheaves on toric varieties
as computed in [6]. Here we use orbifolds.
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3.1.2
Let R be a ring with unit. We denote
a = cochar(A)⊗Z R , a∗ = char(A)⊗Z R . (37)
Let
∆ = conv({ηi}) ⊂ a∗
be a nondegenerate polytope with vertices in the weight lattice of A. Such polytope defines
a toric variety A = A∆ over R with an equivariant line bundle O(∆) as follows.
3.1.3
The toric charts U∆′ ⊂ A correspond to all nonempty faces ∆′ ⊂ ∆ and
Γ(U∆′ ,O(∆)) =
⊕
µ∈Cone∆′ (∆)∩char(A)
R aµ , (38)
where
Cone∆′(∆) = tangent cone to ∆ at ∆
′ ,
see Figure 1. Note, in particular, that U∆ ∼= A.
Figure 1: On the left, a lattice polytope with the cone at a 1-dimensional face
shaded blue. On the right, the same after a shift by a generic λ.
3.1.4
Pick an arbitrary vector λ ∈ a∗ and let
∆λ = ∆ + λ
be the translate of ∆ by the vector λ. It is a polytope, but no longer with integral vertices.
The same formula (38) defines a sheaf O(∆λ) on A. Note, however, that this sheaf may
fail to be locally free if A is singular.
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3.1.5
We observe that
H0(A,O(∆λ)) = P∆λ,A , (39)
where for any Ω ⊂ a∗ we denote by
PΩ,A =
⊕
µ∈Ω∩char(A)
R aµ ⊂ R[A]
the set of polynomials with Newton polygon inside Ω.
3.1.6
Clearly, there exist a locally finite periodic rational hyperplane arrangement in a∗, such that
O(∆λ) does not change along the strata of this arrangement. Therefore, we may assume,
without loss of generality, that
λ ∈ a∗Q = char(A)⊗Z Q .
In this case, the toric variety A and the sheaf O(∆λ) may be defined in one step by
(A,O(∆λ)) = Proj
⊕
n≥0
Pn∆λ,A . (40)
3.1.7
Let N be the order of λ in a∗Q/ char(A) and consider the torus AN with character lattice
generated by λ and char(A). We have
1→ µN → AN → A→ 1 , (41)
by construction. Consider
(AN ,O(∆λ)) = Proj
⊕
n≥0
Pn∆λ,AN
∼= (AN ,O(∆) aλ) , (42)
where aλ is a character of AN . The following is immediate
Lemma 3.1. We have
(A,O(∆λ)) = (AN ,O(∆) a
λ)
/
µN . (43)
21
3.1.8
We abbreviate
O(∆λ −∆) = O(∆λ)⊗ O(∆)−1 .
The toric analog of (27) that we will need is the following
Proposition 3.2.
H i(A,O(∆λ −∆)) =
{
R aλ , i = 0 , λ ∈ char(A) ,
0 , otherwise .
(44)
Proof. On AN we have
OAN (∆λ −∆) = OAN aλ ,
and therefore
H i(AN ,O(∆λ −∆)) =
{
R aλ , i = 0
0 , i > 0 .
(45)
Taking µN -invariants concludes the proof.
3.1.9
Let
P (a) ∈ H0(A,O(∆))
be a polynomial with Newton polygon ∆. We will call it nondegenerate if the coefficients of
P corresponding to the vertices of ∆ are units in R.
Consider the reduction modulo P map
H0(A,O(∆λ))→ H0(A,O(∆λ)
∣∣
P=0
) . (46)
The vanishing (44) gives the following interpolation property for polynomials with Newton
polygon inside ∆λ.
Proposition 3.3. Assume P is nondegenerate. Then the map (46) is surjective. It is also
injective if λ /∈ char(A). If λ is weight of A, then the kernel of (46) equals RaλP (a).
Proof. The nondegeneracy of P implies the sequence
0→ O(−∆) P−−→ O → O/P → 0
of sheaves on A is exact. Tensoring it with O(∆λ) and taking cohomology proves the propo-
sition.
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3.2 Stable envelopes in equivariant K-theory
3.2.1
For simplicity, we assume that X has a polarization T 1/2 with respect to A. We refer to [21]
for a general discussion of stable envelopes in equivariant K-theory in this context.
In elliptic cohomology, we have the flexibility of twisting the attractive line bundle S by
U (L, z), where L is a line bundle on X. We exploited this flexibility in Proposition 2.6. The
corresponding parameter in equivariant K-theory is a fractional line bundle
L ∈ Pic(X)⊗Z R
known as slope.
3.2.2
By definition
Stab ∈ KT(X ×XA)
is an extension of attracting manifold to a K-theory class supported on Attrf that satisfies
degA Stab
∣∣
Fj×Fi ⊂ degA Λ
•(
T 1/2
)∨ ∣∣
Fj
+ weightA
(
L
∣∣
Fj
)
− weightA
(
L
∣∣
Fi
)
. (47)
Here
degA f(a) = Newton polytope(f) ⊂ a∗
is the convex hull of nonzero coefficients of f .
3.2.3
For a K-theory class supported on Attrf , the condition (47) is equivalent to the, a priori,
stronger condition that
degA′ Stab
∣∣
F ′×Fi ⊂ degA′ Λ
•(
T 1/2
)∨ ∣∣
F ′ + weightA′
(
L
∣∣
F ′
)− weightA′ (L∣∣Fi) . (48)
for any subtorus A′ ⊂ A and any component F ′ of restriction to XA′ . The polytopes in (48)
are the projections of the corresponding polytopes in (47) to (a′)∗.
3.2.4
Following the logic of the proof of Theorem 1, we consider the K-theory analog of (35)
0→ KT(Attr(Fi)× F0)→ KT(X<i × F0)→ KT(Xi × F0)→ 0 . (49)
In topological K-theory, we may replace X<i by
X′<i := total space of the normal bundle N to Attr(Fi)
X′i := complement of the zero section of N .
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Then the sequence (49) becomes
0→ R[A] P−−→ R[A]→ R[A]/P → 0 , (50)
with
R = KT/A(Fi × F0)
and
P =
∑
(−1)kΛkN ∨ . (51)
3.2.5
Lemma 3.4. The polynomial (51) is nondegenerate in the sense of Section 3.1.9.
Proof. Let η ∈ a∗ be a vertex of the Newton polytope of P . Since it is a vertex, there exists
ξ ∈ a such that η is the unique maximum of ξ on the polytope.
Decompose N according to the characters of A
N =
⊕
aµNµ , (52)
and note that
〈µ, ξ〉 6= 0
if ξ is chosen generically. Then
P = ±Λtop
 ⊕
〈µ,ξ〉<0
N ∨µ
 aη + . . .
where dots stand for terms of lower weight with respect to ξ.
3.2.6
From (52) we conclude
P (a) =
∏
indivisible ν
Pν(a
ν) .
This corresponds to the decomposition
SpecKT(X
′
i × F0) = SpecR[A]/P
=
⋃
indivisible ν
SpecR[A]/Pν
=
⋃
codimA′=1
SpecKT((X
′
i)
A′ × F0) (53)
where the bijection between indivisible characters ν and codimension one subtori A′ ⊂ A is
given by
1→ A′ → A aν−→ C× → 1 .
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3.2.7
We now apply Proposition 3.3 with
∆ = degA Λ
•(
T 1/2
)∨ ∣∣
Fi
,
λ = weightA
(
L
∣∣
Fi
)
− weightA
(
L
∣∣
F0
)
.
By (48), (53) and the inductive hypothesis, Stab
∣∣
X′i×F0
gives an element of H0(A,O(∆λ)
∣∣
P=0
),
which can be lifted to an element of H0(A,O(∆λ)). This lift is unique if λ is not integral.
This gives a proof of the following
Theorem 2. Stable envelopes exist in equivariant topological K-theory. Further, they are
unique if
weightA
(
L
∣∣
Fj
)
− weightA
(
L
∣∣
Fi
)
/∈ char(A)
for every pair Fj < Fi.
3.2.8
The above argument may be also adapted to work in algebraic K-theory, e.g. by first con-
structing stable envelopes for a generic attracting cocharacter σ : C× → A and then checking
the condition (48) inductively on formal neighborhoods. However, a much stronger result in
Db CohX has been already established in [16] and we refer the reader there for details.
3.3 Compactified K-theory
The logic of Section 3.2 suggests the following partial compactification of SpecKT(X).
3.3.1
Consider the fan in a defined in Section 1.2.2 and call it the inertia fan of X. Recall that
we have fixed a cone C of maximal dimension in this fan. This choice will not play a role in
the current discussion. Let C′ be a cone of some dimension in the inertia fan. It defines a
subtorus A′ ⊂ A, with
a′ = LieR A′ = span(C′)
and a choice of attracting/repelling directions for the A-action on XA
′
.
One should think of each linear subspace a′ as being decorated by the fixed locus XA
′
together with the weights of its normal bundle. Those are the weights {wi} of Section 1.2.2
that do not vanish on a′. The fan itself records the weights {wi} only up to proportionality
and without multiplicity.
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3.3.2
This fan gives a toric compactification A of A, and thus a partial toric compactification of
T ⊃ T. Boundary strata correspond to cones C′. As we approach a boundary stratum , we
go to a particular infinity 0C′ in the torus A
′. The coordinates in T/A′ are the coordinates
on the boundary stratum.
For any splitting of
1→ A′ → T→ T/A′ → 1 , (54)
we have
SpecKT/A′(X
A′) //

SpecKT(X)

generic point // A′ .
(55)
With our hypotheses, the family (55) extends over a neighborhood of 0C′ . This is independent
of the choice of the splitting and gives a partial compactification KT(X) of SpecKT(X) over
T such that
SpecKT(X)

// KT(X)

SpecKT/A′(X
A′)

oo
T // T T/A′ ,oo
(56)
where T/A′ is embedded as a boundary stratum. Note that KT denotes a ring, while KT
denotes a scheme. This makes sense, because KT is not affine.
3.3.3
Recall that a line bundle L on a toric variety T is specified by a function
ord : a→ R (57)
which is continuous and integral linear on the cones of the fan. The sections f of L are
characterized by
f = O(aord) , a→ 0C′ ,
for all cones C′. In what follows, we relax the integrality assumption on the function (57).
This allows the sheaves O(∆λ) considered in Section 3.1.4.
To construct a line bundle on KT(X), we may use a different functions (57) on differ-
ent components F of the fixed locus, as long as these glue over different strata. Given a
polarization T 1/2 and a slope L, we define the line bundle S (T 1/2, L) by
ordS (T 1/2,L) = maximal weight in L⊗
(
Λ
•
T 1/2
)∨
, a→ 0C′ .
With this definition, the degree bound (48) is equivalent to being a global section of S . Note
that the last term in (48) is a constant from our current perspective and may be absorbed
into the choice of linearization of L.
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3.3.4
Note we may replace the polarization T 1/2 by any other virtual bundle V on X, as long as
the weights of V define a fan which refines the inertia fan. For instance, one can use the
tangent bundle to get a line bundle which is, basically, the square of S .
3.3.5
Recall that, by definition
induced polarization of XA
′
=
(
T 1/2
∣∣
XA′
)A′
. (58)
Similarly, L
∣∣
XA′ gives the induced slope.
In the compactification (56), the same fixed locus XA
′
appears at several infinities, and
the natural polarization of all these copies is different.
Definition 5. Given 0C′ ∈ A′ and virtual vector bundle V , we define
Vlim = V
∣∣
XA′ ,≥0 − V ∨
∣∣
XA′ ,<0 , (59)
where the subscripts refer to nonrepelling and repelling directions as a→ 0C′ .
Note that we can write
Vlim =
(
V
∣∣
XA′
)A′
+ δV − δV ∨ , δV = V ∣∣
XA′ ,>0 . (60)
In particular, the limit of a polarization is a polarization. It differs from the induced polar-
ization precisely by the δV − δV ∨ term in (60).
We have the following simple
Lemma 3.5. The boundary strata of (KT(X),S ) have the form (KT(XA
′
),Slim), where Slim
is defined using the limit polarization and the induced slope.
Proof. Follows from
1− w−1 ∼
{
(1− w−1)/(1− w−1) , w →∞ ,
(1− w−1)/(1− w) , w → 0 .
3.3.6
Recall that every change in polarization may be compensated by a change in the slope. In
particular, we have
degA Λ
•
T
1/2
lim = degA detN
1/2
>0 ⊗ Λ• T 1/2ind , (61)
where N
1/2
>0 is the attracting part of the polarization restricted to X
A′ . Therefore,
Slim = S
(
T
1/2
lim , Lind
)
= S
(
T
1/2
ind , Llim
)
,
where
Llim = L⊗ (detN1/2>0 )−1 .
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3.3.7
Recall from formula (9.1.6) in [21] that stable envelopes may be normalized so that
Stab
∣∣
diagXA
= (−1)− rkN1/2>0
(
detN<0
detN1/2
)1/2
OAttr , (62)
where N1/2 denote the moving part of T 1/2
∣∣
XA
and subscripts denote attracting and repelling
directions for the chamber C as in Section 1.2.2. The following is straightforward:
Lemma 3.6. The limit of (62) as a→ 0′C is the same expression for the limit polarization.
3.3.8
Proposition 3.7. Let F be a component of XA and let the slope L be generic and linearized
so that it has zero A-weight on F . For any α ∈ KT/A(F ), we have
StabT 1/2,L α ∈ H0
(
KT(X),S (T
1/2, L)
)
(63)
and its restriction to the boundary are the stable envelopes for XA
′
, extended by zero outside
the component containing F .
Proof. Only the statement about restriction to the boundary requires proof. Restriction to
the boundary means taking the coefficient of aord as a → 0C′ . It can only be nonzero if the
function ord is integral on C′. Therefore, by Lemma 2.7 and genericity of L, the restriction
to the boundary vanishes outside of the connected component containing F .
On the connected component of KT(X
A′) containing F , the restriction of StabT 1/2,L α
satisfies the degree bounds for stable envelopes. By Lemma 3.6, it correctly restricts to F .
Thus it is the stable envelope for the A-action on XA
′
.
4 Nodal degeneration of stable envelopes
4.1 EllT(pt) near a node
4.1.1
Equivariant cohomology theories over B are constructed from 1-dimensional group schemes
over B and, in this section, we are interested in the case when a nodal fiber E0 appears in a
family of elliptic curves. In a neighborhood of the nodal fiber (formal or analytic), there is
a relation between KT(X) and EllT(X). Our goal is to explain this relation and verify that it
respects stable envelopes.
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4.1.2
Over a field, the identity component of the group smooth points of E0 is a torus of rank 1,
which may require a quadratic extension to split. For simplicity, let us assume it is split.
Moreover, as our local model, we will take B = SpecR[[q]], where R is a commutative ring
with unit, and
E0 //

E

Eq = Gm/qZoo

q = 0 // B SpecR((q)) ,oo
(64)
see Appendix C.1 for a reminder about Tate’s construction of Gm/qZ.
Tate’s construction only requires the convergence of the standard ϑ-series (104). There-
fore, one could replace R[[q]] with any complete normed commutative ring with a nonzero-
divisor q of norm ‖q‖ < 1, for instance functions holomorphic in the unit disk of C.
4.1.3
For brevity, we denote E = EllT(pt). We begin with general remarks about the structure of
OEllT(X) as a sheaf over E . We observe that it belongs to a certain abelian subcategory of
CohE , which is independent of q.
4.1.4
The manifold X may be represented by a cell complex built from T-equivariant cells of the
form T/Γ × Dn, where Γ ⊂ T is a subgroup and T acts trivially on the disc Dn. Note
that only finitely many possible stabilizers Γ appear for a given X. We call them the inertia
subgroups of X and denote their set by ΓX = {Γ}. The sets
{log Γ}Γ∈ΓX ⊂ t = LieR T , (65)
where log Γ is defined in Section C.2.3, form a periodic stratification of t.
If X is a smooth manifold, the stratification (65) corresponds to a periodic hyperplane
arrangement — the T-weights in the normal bundle to the fixed locus. In general (e.g. by
an equivariant embedding into a smooth manifold) we may enlarge the set ΓX so that it
corresponds to a periodic hyperplane arrangement. We will assume that this is the case and
will refer to (65) as the periodic inertia fan of X, compare with Sections 1.2.2 and 3.3.1.
4.1.5
Reflecting the structure of cell and of the attaching maps, the sheaf OEllT(X) is built from the
sheaves
OEllT(T/Γ) = ιΓ,∗OEllΓ(pt) ∈ Coh EllT(pt)
where
ιΓ : (Γ, pt)→ (T, pt)
is an equivariant map. We will identify EllΓ(pt) with its image under ιΓ.
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4.1.6
Let Γ = {Γ} be a lattice of subgroups of T. The corresponding EllΓ(pt) define a stratification
of E . Further, the subvarieties
diag EllΓ(pt) ⊂ E k (66)
define a stratification of E k, in which the dimension of consecutive strata differ by k.
The following definition is inspired by Bezrukavnikov’s definition of perverse coherent
sheaves, see [4].
Definition 6. Let f : F1 → F2 be a morphism in CohE . We say that f is locally constant
with respect to Γ if it is a restriction to the diagonal in E k of a morphism of constant rank
along the stratification (66) for k = 2. We denote the category of locally constant sheaves
and locally constant morphism by CohΓ E .
Proposition 4.1. For any T-equivariant map f : X → Y between finite cell complexes, the
corresponding map
Ell(f) : OEllT(X) → OEllT(Y )
is locally constant with respect to the stratification generated by ΓX an ΓY .
Proof. Define
X(2) = X ×X/T X ,
where the product is over the quotient by T. This is built from the cells of the form (T/Γ)2×
Dn, with the attachment maps as before. It has a natural T2 action such that
(T, X)
diag−−−−−−→ (T2, X(2)) (67)
is an equivariant morphism. The stabilizers of points now have the form diag Γ ⊂ T2.
The map f as above gives rise to a T2-equivariant map
f (2) : X(2) → Y (2)
and is obtained from it after the restriction to the diagonal (67), which proves the proposition.
Intuitively, the proposition is clear, as the behavior of f on different strata is determined
by the corresponding map between fixed points. There are other ways to prove the propo-
sition, for instance, the restriction of f to a any cyclic subgroup of E should be equivariant
with respect to all automorphisms of that subgroup.
4.1.7
The equations of Γ ⊂ T and EllΓ(pt) ⊂ EllT(pt) are encoded by the kernel in the following
exact sequence
0→ Γ⊥ → char(T)→ char(Γ)→ 0 .
In particular, the divisibility of the generators of Γ⊥ determines the numbers {mi} in
EllΓ(pt) ∼= Edim Γ ×
∏
E[mi] , (68)
where E[m] denotes the scheme of points of order m on E.
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4.1.8
The category CohΓ E is determined by the structure of the lattice Γ and the structure of
subschemes E[m] ⊂ E of points of order m. Since E is a Tate elliptic curve, we have1
E[m] ∼= µm × Z/mZ .
Here µm ⊂ Gm is the scheme of mth roots of unity and Z/mZ is a constant group scheme
which records the valuation a point of order m as in (107). As a result, the category CohΓ E
is independent of q.
4.1.9
Our next goal is to construct a degeneration of EllT(pt) in which the inertia subgroups
EllΓ(pt) are transverse to the special fiber and have the exact same structure (in particular,
intersect each other in the exact same way) in the special and the generic fibers. This will
extend the constant family of subcategories CohΓ(E ) to the central fiber.
While this cannot be achieved for all subgroups of T, for any finite set Γ such degen-
eration may be constructed after a base change of the form q = (q1/M)M and a birational
transformation. An elementary example is plotted in Figure 2.
Figure 2: In the Legendre family of elliptic curves (left), the subscheme E[2]
(plotted in blue) is tangent to the nodal fiber (red). After a base change
q = (q1/2)2 we get a surface which looks like the surface of revolution of the
special fiber (right). Blowing up the singular point, we get E[2] to intersects
the nodal fiber transversally in 4 points, counting the identity point at infinity.
The new nodal fiber is a union of two P1 glued at two points.
1In particular, a Tate elliptic curve is never supersingular, which is the place where we get extra morphisms and, hence,
more information can be captured by elliptic cohomology.
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4.1.10
In general, a suitable degeneration of EllT(pt) can be constructed in one step as follows, see
Appendix C.2. The vector space
t = cochar(T)⊗Z R
will for now play the role of a in Appendix C.2.
The construction of EQ in Appendix C.2 involves the following choices:
• a hyperplane arrangement µi(x) ∈ Z in t, which refines the periodic fan of X,
• a line bundle Q on the nodal fiber, which gives the pieces of the dual periodic tessel-
lation of t∗ their particular shape and position.
We call this data the periodic fan and periodic tessellation, respectively. The former
describes which weights µi appear in
Q =
∑
mi q(µi) + λ , λ ∈ t∗Q , (69)
while the latter determines the multiplicities mi and the fractional linear shift λ.
4.1.11
Degenerations of abelian varieties with an ample line bundle is a well developed theory due
to V. Alexeev and his predecessors, see [3]. For our bookkeeping purposes, we allow the
fractional shift λ and thus the orbifold line bundles of the kind discussed in Section 3.1.7 and
C.3.
4.1.12
The strata η of the period fan and the pieces η∨ of the periodic tessellation are in a natural
bijection. They also correspond to the toric strata {Oη} of the nodal fiber of EQ. Those have
the form
Oη = T/ exp(dη) ,
where dη ⊂ t is the tangent space to η and exp(dη) is the corresponding subtorus as in (117).
See Appendix C.2.4.
4.1.13
As everywhere else in this paper, our focus will be on a special subtorus A ⊂ T. In particular,
we will focus on the restriction to a ⊂ t of the hyperplane arrangement corresponding to Γ.
In terms of q → 0 limits of ϑ-functions, this means we assume ν(ti) = 0, that is,
log ti = o(log q) , q → 0 ,
for all characters ti of T/A.
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4.2 Nodal K-theory
4.2.1
Definition 7. We define the nodal K-theory KUT(pt)Q as the central fiber of EQ.
4.2.2
The stratifications {Oη} and {EllΓ(pt)} are transverse in the sense that the latter intersects
the nodal fiber transversely and
OΓ,η
def
= EllΓ(pt) ∩Oη ∼=
{
Γ/ exp(dη) , η ⊂ log Γ ,
∅ , otherwise .
(70)
4.2.3
By the transversality (70), the construction of EllT(X) canonically extends to the zero fiber,
and we get a scheme
KUT(X)Q → KUT(pt)Q .
The neighborhood of any stratum η in the periodic fan determines a fan in t/dη. This fan
refines the inertia fan of
Xη
def
= Xexp(η) ,
and hence we can use it to construct KT/ exp(dη)(X
η). The following is clear.
Proposition 4.2. For all η, we have the following pullback diagram
KT/ exp(dη)(X
η) //

KUT(X)Q

Oη // K
U
T(pt)Q .
(71)
4.2.4
There is a finer stratification by subschemes of the form
KΓ,η,i → OΓ,η , KΓ,η,i = SpecKΓ/ exp(dη)(Fi) , (72)
where Fi are the connected components of X
η.
4.2.5 Example
Suppose T ∼= C×, R is a field of char 6= 2, and
Γ = {1, µ2,T} ,
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where µ2 = {±1} is the group of square roots of unity. We have
log µ2 = {0, 12}+ Z ,
and points η ∈ log µ2 correspond to two kinds of 1-dimensional strata η∨ ⊂ t∗. The intervals
between points in log µ2 correspond to 0-dimensional strata in t
∗. The combinatorics of the
different strata is illustrated in Figure 3.
Figure 3: The combinatorics of the strata of KUT(X), assuming X is connected,
Xµ2 has two components, which break into 2 and 3 components, respectively,
in XT. Strata of the form KT,η,i are indicated by connected components; there
are three 1-dimensional ones and ten 0-dimensional ones among them. The
generic fiber over each Oη is SpecK(X
T). We have K1,0 ∼= SpecK(X), and the
three remaining fibers are isomorphic to SpecK(Xµ2).
Strata over O0 and O 1
2
have the form SpecKT(X) and SpecKT(X
µ2), respectively, where
the latter is a double cover of SpecKT/µ2(X
µ2). In particular, the fiber SpecK(Xµ2) appears
for a total of three times, corresponding to the nontrivial points of order 2 of EllT(pt).
Also note that, as the picture is trying to suggest, the preimage of the generic point of
OΓ,η need not be dense in KΓ,η,i. For instance, the T action on X may be free, in which case
KUT(X) = K1,0.
4.2.6
A choice of a component of XT gives a consistent choice of a component of Xη for every η.
The corresponding reduced subschemes of KUT(X)Q assemble into a copy of K
U
T(pt)Q.
In a superficial parallel with the theory of buildings, these reduced subscheme perhaps
may be called the floors of KUT(X). The subsets (71) of maximal dimension, which extend
over several floors and share walls with their neighbors, may probably be called the units of
KUT(X). If nodal K-theory proves to be a useful notion, people may find it convenient to
refer to different parts of KUT(X) as slabs, beams, stairwells etc. A floor plan of a real K
U
T(X)
may be seen in Figure 4.
4.2.7
Conversely, given
O
K
U
T (X)Q
∈ CohΓKUT(pt)Q
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it extends canonically to OEllT(X) ∈ CohΓ E for a Tate elliptic curve. This is, effectively,
Grojanowski’s original construction of the equivariant elliptic cohomology over C in a Tate
curve context.
4.3 Theta bundles and stable envelopes
4.3.1
As defined in Section 4.2.3, the schemeKUT(X)Q has a stratification and a line bundle inherited
from KUT(pt)Q. This construction may be generalized as in the construction of compactified
K-theory, see in particular Section 3.3.4.
Let V ∈ KT(X) be a virtual vector bundle on X such that all normal weights to XT appear
as weights of V
∣∣
XT
. For instance, one can take V = TX. If we only compactify directions in
A, we may take
V = T 1/2 .
We consider the periodic fan in t defined by the weights of V
∣∣
XT
.
4.3.2
For every stratum η in the periodic fan, set
V η =
(
V
∣∣
Xη
)η
Let η → η′ indicate that η is in the closure of η′. Note the reversal of the arrow, which
reflects the fact that Oη′ is in the closure of Oη. As in Lemma 3.5, we have
lim
η→η′
Λ
•
V η = ± det δη,η′V ⊗ Λ• V η′ , δη,η′V = V η
∣∣
Xη′ ,>0 .
Lemma 4.3. There is a unique, up to multiple, assignment of a line bundle λη ∈ PicT(X)
to each stratum η such that
det δη,η′ = λη ⊗ λ−1η′ . (73)
Proof. We need to show that δη,η′ is a trivial 1-cocycle on the adjacency graph of the strata
η. Loops in this graph are generated by triangles of the form η → η′ → η′′. Since
lim
η→η′′
= lim
η′→η′′
◦ lim
η→η′
we have
det δη,η′′ = det δη,η′ ⊗ det δη′,η′′
thus showing the triviality of the cocycle.
We will normalize the choice of λ so that λ0 is trivial.
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4.3.3
Definition 8. We define the nodal K-theory of X as the union
KUT(T)V =
⋃
η
K(Xη)V η ,λη . (74)
Given a a fractional line bundle L ∈ PicT(X) ⊗ Q, we denote by ΘU(V , L) the orbifold line
bundle on (74) obtained by gluing S (V η, L⊗ λη).
Note that for every pair η → η′ there is an inclusion among the corresponding terms in (74).
Thus (74) is effectively a union over 0-dimensional strata η.
4.3.4 Example
Take X = P2 and V = TX, with the action of
T = diag(a1, a2, a3) ⊂ PGL(3) .
Its weights at fixed points are cyclic permutations of {a2/a1, a3/a1}, and the corresponding
tiling of each floor is by parallelograms with these sides (often called lozenges), see Figure 4.
Since {a2/a1, a3/a1} is a basis of char(T), each lozenge corresponds to a copy of P1 × P1
in KUT(X) with a line bundle that is isomorphic to OP1(1) OP1(1).
The inertial lattice Γ has the form
Γ =

T
{a1 = a2}
77
{a1 = a3}
OO
{a2 = a3}
gg
{1}
gg OO 77

.
The stratum corresponding to the trivial subgroup {1} is at the center of each lozenge. All
three floors are glued together there like the three coordinate 2-planes in 3-space. Two floors
are glued together where ai = aj. See Figure 4.
4.3.5
Proposition 4.4. The scheme KUT(X)V with the line bundle Θ
U(V , L) deforms to EllT(X)
with a line bundle which is a Ka¨hler shift of Θ(V ).
Proof. The cell decomposition of X exhibits KUT(X)V as built out of pieces K
U
Γ (Y )V , where
Γ acts trivially on Y . Thus each of the pieces is a constant thickening of a degeneration
of EllΓ(pt), polarized by a Ka¨hler shift of Θ(V ). Since the deformation is canonical, it is
respected by the attachment maps.
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Figure 4: The floors of KUT(P
2)TP2,L plotted with respect to the lattice charT ⊂
t∗. Each floors is tiled by lozenges with sides that are cyclic permutations of
{a2/a1, a3/a1}. The tilings are shifted with respect to each other by a weights
of a fractional multiple L of OX(1), visible as a large triangle (i.e. the toric
polytope of X itself) of fractional size. Arrows indicate gluing. Note that since
this picture is in the dual of LieT, the gluing is not by embedding, but rather
by projection along Γ⊥.
4.3.6
Recall from the discussion of compactified K-theory that it is possible to compactify only
directions in a subtorus A ⊂ T. We can do the same in (74), in which case the periodic fan
lies in a and we can take V = T 1/2.
4.3.7
Theorem 3. Stable envelopes for A-action on Xη glue to a section of ΘU(T 1/2, L) and deform
to elliptic stable envelopes for X.
Proof. The first claim follows from Proposition 3.7. Inductive construction of stable en-
velopes is based on cohomology vanishing, which is semicontinuous. Thus they deform to
sections of a Ka¨hler shift of Θ(T 1/2). By uniqueness, these sections are elliptic stable en-
velopes for X.
This results differs by a change of perspective only from an earlier result of Kononov and
Smirnov, proven in [17] with somewhat different hypotheses and using different means.
Theorem 4. [17] The nodal limit of elliptic stable envelopes for X gives elliptic stable en-
velopes for XΓ, Γ ⊂ A.
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A Constructions in elliptic cohomology
A.1 Chern and Thom classes
A.1.1 Chern classes
A T-equivariant complex vector bundle V of rank r over X defines a map
c : EllT(X)→ EllGL(r)(pt) = SrE , (75)
see Section (1.8) in [13] and Section 5 in [11]. The coordinates in the target of (75) are
symmetric functions on Er — symmetric functions in elliptic Chern roots.
A.1.2 Thom classes
The Thom class of V is, by definition,
Θ(V ) = c∗O(DΘ)
where c is the map (75) and the divisor
DΘ = {0}+ Sr−1E ⊂ SrE (76)
is formed by those r-tuples that contain 0.
A.1.3
Note that since DΘ is effective, we have a canonical section
ϑV : OEllT X → Θ(V ) . (77)
This section may be interpreted as the Euler class of the vector bundle V — the elliptic
cohomology class assigned to the locus cut out by a regular section of V .
A.1.4
Since
Θ(V1 ⊕ V2) = Θ(V1)⊗Θ(V2) ,
we have a group homomorphism
Θ : KT(X)→ Pic (EllT(X)) . (78)
Also observe that
Θ(V ∨) = Θ(V ) (79)
because the divisor (76) is centrally symmetric. The canonical section (77) changes sign by
(−1)rkV .
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A.1.5
The rank rkV of a K-theory class on X is a locally constant function X → Z, that is, an
element of H0(X,Z). We denote
m1 = Ker(KG(X)
rk−−→ H0(X,Z)) .
This ideal is the first step in the filtration of KT(X) by the codimension of support.
Lemma A.1. The map V 7→ Θ(V ) factors through the quotient KG(X)/m31.
See Appendix B.1 for the proof.
A.2 Fixed loci
A.2.1
We have two natural maps of the form (6) associated to the fixed locus XA namely
(T,XA)
1T×ι−−−−−−−→ (T,X) , (80)
(T,XA)
φ×1
XA−−−−−−−→ (T/A,XA) . (81)
where ι : XA → X is the inclusion and φ : T→ T/A is the quotient.
A.2.2
The diagram
EllT(X
A)
φ //
p

EllT/A(X
A)
p

ET
φ // ET/A
, (82)
is a pullback diagram. Its horizontal maps are quotients by a free action of EA.
A.2.3
Given a line bundle L on EllT(X), we denote by degA the degree of its restriction to the
fibers of φ in (82), see Appendix B.3. This degree is an element of S2 char(A) which depends
on the component of the fixed locus. In other words:
degA : Pic(EllT(X))→ H0(XA, S2 char(A)) . (83)
For instance,
degA Θ(V ) = (c
2
1 − 2c2)
(
V |pt∈XA
)
. (84)
where we take equivariant Chern classes of the fiber of V at a point of XA. Formula (84)
follows from (100).
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A.3 Push-forwards
A.3.1
Recall the functor
f∗ : Coh EllG1(X1)→ Coh EllG2(X2) (85)
induced by a map of the form (6).
Pushforwards in equivariant elliptic cohomology are defined for proper complex oriented
equivariant maps, and are homomorphisms
f~ ∈ HomCoh EllG2 (X2)(f∗ΘX1(−Nf ),OEllG2 (X2)) , (86)
where Nf ∈ KT(X1) is the normal bundle to f .
A.3.2
Note the difference
f~ 6= f∗ .
For starters, f∗ is a functor, while f~ is a map in the target category of f∗.
A.3.3 Duality
Given a line bundle L on EllT(X), we set
L O = L −1 ⊗Θ(TX) . (87)
This is the appropriate twist of duality for line bundles in our situation. If pX : X → pt is
proper, this gives a pairing
pX,∗(L ⊗L O) pX,~−−−−−−→ OET . (88)
A.3.4 Supports
For any coherent sheaf G on EllT(X) and any T-invariant open U ⊂ X, we have a subsheaf
Gsupp⊂X\U = Ker (G → G |U) (89)
of sections supported in X \ U . The map in (89) is the functorial pullback with respect to
the inclusion U → X.
A.3.5
For general complex oriented maps, we have the following generalization of (90)
f~ ∈ HomCoh EllG2 (X2)(f∗ΘX1(−Nf )c,OEllG2 (X2)) , (90)
where the subsheaf
ΘX1(−Nf )c ⊂ ΘX1(−Nf )
is formed by sections s such that f
∣∣
supp s
is proper.
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A.3.6 Correspondences
Consider the diagram
X2 × X1
p1
zz
p2
$$
X2
p2
$$
X1
p1
zz
pt
(91)
in which
p1 = 1X2 × p1 , p2 = p2 × 1X1 .
In particular
Np1 = −p∗2 TX1 .
The pull-push formula
α 7→ (p2)~(αp∗1( · )) , (92)
gives a map
p12,∗ΘX1×X2(p
∗
2 TX1)c →Hom
(
p1,∗OEllT(X1), p2,∗OEllT(X2)
)
(93)
of sheaves on ET. Here
p12 = p1 ◦ p2 = p2 ◦ p1 .
A.3.7
More generally, if Li ∈ Pic(EllT(Xi)) then a section
α ∈ H0(L2 L O1 ) (94)
gives a map
p1,∗L1
(p1)~(αp∗2( · ))−−−−−−−−−−−→ p2,∗L2 (95)
in CohET. In (94) and elsewhere, the symbol  denotes the tensor product of pullbacks via
two projection maps.
A.3.8
Elliptic stable envelopes are objects of the form (94) on X × XA for certain special lines
bundles Li.
A.4 Ka¨hler line bundles
A.4.1
Ka¨hler line bundles give a rich supply of line bundles of A-degree 0. The terminology is
chosen for consistency with [1], because the variables z corresponds to the Ka¨hler parameters
in enumerative context.
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A.4.2
Let V be vector bundle on X and let C×z be a new copy of the group C
× with coordinate z,
acting trivially on X. As in (82), we have
EllT×C×z (X) = EllT(X)× Ez , Ez = EC×z . (96)
Consider the K-theory class
(z − 1)(V − CrkV ) ∈ m21 ⊂ KT×C×z (X) ,
where CrkV is a trivial bundle of rank r. It gives a line bundle
U (V, z) = Θ((z − 1)(V − CrkV )) ∈ Pic(EllT(X)× Ez) , (97)
which has degree 0 along each factor.
A.4.3
Clearly,
U (V1 ⊕ V2, z) ∼= U (V1, z)⊗U (V2, z) .
Lemma A.2. We have
U (V, z) ∼= U (detV, z) , (98)
U (V, z1z2) ∼= U (V, z1)⊗U (V, z2) . (99)
Here U (V, z1z2) is the pullback by the addition map E × E → E, as in (9).
Proof. Follows immediately from Lemma A.1 .
A.4.4
By (98) and homotopy invariance, the map V 7→ U (V, z) factors through the discrete group
KT(X)
det−−−−−→ PicT(X) pi0−−−−−→ NST(X) def= PicT(X)
/
PicT(X)0 .
A.4.5
If V pulled back via f : X → Y , then similarly U (V, z) is pulled back from EllT(Y ). In
particular, line bundles U (w, z), where w is a character of T, are pulled back from ET.
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B Line bundles on EA
B.1 Proof of Lemma A.1
Proof. It suffices to consider the universal case
G =
∏
GL(ri) , X = pt .
To save on notation, we set
E = EllG(pt) =
∏
SriE .
This is smooth and projective over B.
Consider the diagonal embedding and three projections
G
diag−−−−−−→ G3 p1,p2,p3−−−−−−−−→ G .
The ideal m31 is spanned by V of the form
V = diag∗ (p∗1(V1)⊗ p∗2(V2)⊗ p3(V3)) , Vi ∈ m1 .
Since Vi ∈ m1, we have Vi
∣∣
1∈G = 0. Therefore
Θ
(⊗
p∗i (Vi)
)∣∣∣
{1}×E×E
= OE 2 ,
and similarly for the other factors.
By the theorem of the cube, see [25] for a version over a general base scheme B, we have
Θ
(⊗
p∗i (Vi)
)
= OE 3 .
Therefore Θ(V ) = diag∗OE 3 = OE , as was to be shown.
B.2 The dual Abelian variety
Since the character lattice char(A) is dual to the cocharacter lattice in (11) and E is princi-
pally polarized, we have
E ∨A = char(A)⊗Z E = EA∨ ,
where A∨ is the dual torus.
If {ai} is a basis of char(A) and {a∨i } is the dual basis of characters of A∨ then
η =
∑
(ai − 1)(a∨i − 1) ∈ m21/m31 ⊂ KA×A∨(pt)/m31
is a canonical element and
Θ(η) = Poincare´ line bundle on EA × EA∨ .
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B.3 The degree of a line bundle
By definition, we have an exact sequence
0→ Pic0(E )→ Pic(E )→ NS(E )→ 0 ,
where the discrete group NS(E ) is the Neron-Severi group of E . For an Abelian variety, we
have
Pic0(E ) = E
∨ , NS(E ) = Homsymmetric(E ,E ∨) .
By definition, the degree L of a line bundle is its class in NS(E ). To compute it, note that
L defines a morphism EA → EA∨ by by the formula
a 7→ (multiplication by a)∗L ⊗L −1 .
We denote this morphism by
degL ∈ Homsymmetric(EA,E ∨A ) ∼= NS(E ) .
From definitions, if
V =
∑
µ∈char(A)
Vµ a
µ ∈ KA(XA)
then
deg Θ(V ) =
∑
rk(Vµ)µ
2 ∈ S2 char(A) ⊂ Homsymmetric(EA,E ∨A ) . (100)
Note that for a very general elliptic curve E, we have
Hom(E,E) = Z ,
and therefore NS(E ) = S2 char(A). We will not encounter line bundles of other degrees in
this paper.
C Degeneration of Abelian varieties
Degeneration of Abelian varieties is a very rich, old, and well-developed subject, see [7] for an
introduction to its basics including Alexeev’s theory [3]. Here we summarize a few elementary
aspects of this theory that will play a role in this paper.
C.1 Tate elliptic curve
Let q(x) be a solution of
q′′(x) =
∑
n∈Z
δ(x− n) ,
which vanishes for x ∈ [0, 1]. Explicitly,
q(x) = xbxc − 1
2
bxc(bxc+ 1)
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Figure 5: The function q(x)
see the plot in Figure 5. We note that changing q(x) by an integral form of degree ≤ 1 in x
does not affect what follows, while the effect of changing it by a rational form of degree ≤ 1
will be discussed in Section C.3.
Let R be a ring with unit. The Tate elliptic curve over R[[q]] is the quotient of the toric
surface Σq over R with polyhedron
∆q = {(x, y), y ≥ q(x)}
= conv
{
(k,m) ∈ Z2,m ≥ 1
2
k(k − 1)
}
(101)
by a certain action of Λ ∼= Z. The completion of R[q] to R[[q]] will be required to take the
quotient.
By definition,
Σq = Proj
⊕
m
n
≥q( kn)
R tnakqm , n ≥ 0 , (102)
where the n = 0 term is interpreted as R[q] and the grading is by n. The fact that the
algebra in (102) is not finitely generated should not a be a concern, as the invariants of Λ
will be finitely generated.
The group Λ is generated by the transformation2
σ : (t, a, q) 7→ (at, qa, q) . (103)
2Up to a rescaling of the coordinates, the group Λ is the translation part in the affine Weyl group of type Â1. We note
that while hyperplane arrangement appearing in the theory of stable envelopes may be considered as a generalization of the
notion of roots and coroots in classical Lie theory, the reflection group aspect is lost in this generalization.
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In other words,
Λ =
〈1 0 01 1 0
0 1 1
〉 ⊂ SL(3,Z) ,
acting on triples (n, k,m) ∈ Z3. The group Λ preserves the cone over ∆q by virtue of (101)
because it preserves the lattice and the quadratic form 2mn+ kn− k2.
In conventional terms, the action (103) is the action by q-difference operators on functions
of a. In particular, familiar ϑ-functions like
ϑ0(a, q) =
∑
k∈Z
akqq(k) ∈ R[a±1][[q]] (104)
are well defined and satisfy
σ(tϑ0(ca, q)) = c
−1 tϑ0(ca, q) , (105)
assuming c is invertible and invariant under σ.
To continue the parallel with the classical theory of theta-functions, one may characterize
the functions
Fn =
⊕̂
m
n
≥q( kn)
R akqm ⊂ R[a±1]((q)) , (106)
appearing in (102), in terms of their norms at various points
a0 : R[a
±1]((q)) −−−→ R ′((q1/N)) , N = 1, 2, . . . ,
extending a ring homomorphism R → R ′. As usual, we will denote by f(a0, q) the image of
f(a, q) under the corresponding map. The norm will be measured by the valuation
R ′((q1/N)) ν−−−−→ 1
N
Z ⊂ R , (107)
given by the minimal nonzero power of q. In principle, one can also consider evaluations of
a to irrational powers of q, but this does not add anything new.
Lemma C.1. Functions in Fn are those satisfying the following norm bound:
Fn =
{
f
∣∣∣∀a0,ν(f(a0, q)) + n q (ν(a0)) ≥ 0} . (108)
Proof. Follows from the observation that the function q(x) is its own Legendre transform up
to a flip of sign
q∨(α) = max
x
(αx− q(x)) = q(−α) . (109)
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It is obvious from a description of the form (108) that
F0 = R[[q]] .
and that
FnFm ⊂ Fn+m .
The group Λ acts on each Fn by q-difference operators. These operators cover the action
a 7→ qa and exist because
q(x+ 1) = q(x) + x . (110)
By definition,
ETate = Proj
(⊕
n≥0
FΛn
)
. (111)
Lemma C.2. The algebra in (111) finitely generated over R[[q]].
Proof. It suffices to prove finite generation modulo q. Setting s = ta in (102) this amounts
to proving finite generation of the following subalgebra
R[t, s] ⊃ {f(t, s) ∣∣ f(t, 0) = f(0, t)} ,
which is the homogeneous coordinate ring of P1R with 0 and ∞ identified. One sees directly
that it is generated over R by
f1 = t+ s , f2 = ts , f3 = t
2s ,
which satisfy the relation
f 23 + f
3
2 − f1f2f3 = 0 ,
in which one can recognize formula (46) in [26].
C.2 A higher rank generalization
C.2.1
Let let A ∼= Grm be a split torus of some rank r and let {µi} be a collection of weight of A
spanning the vector space a∗ in (37). Interpreting each µi as a linear function on a, we define
Q =
∑
q(µi) . (112)
This is a nondegenerate convex function on a.
As our running example, we will take r = 2 and
Q(x, y) = q(2x) + q(y) + q(x− y) . (113)
This function is plotted in Figure 6 together with its Legendre transform.
We define FQ,n ⊂ R[A]((q)) by
FQ,n =
{
f
∣∣∣∀a0,ν(f(a0, q)) + nQ (ν(a0)) ≥ 0} . (114)
Here the point a0 has r coordinates and so ν(a0) ∈ a.
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Figure 6: The function Q in (113) and its Legendre transform Q∨, with the
z-axis is upside down. Note the duality between faces of the periodic tilings
of a and a∗ obtained by the projection to the argument plane. The tiling of a
is by hyperplanes µi(x) ∈ Z.
C.2.2
Generalizing (110), for any cocharacter
σ ∈ cocharA ⊂ a
we have
Q(x+ σ) = Q(x) + σ∨(x) +Q(σ) (115)
where the self-adjoint map
cochar(A) 3 σ 7→ σ∨ ∈ char(A) (116)
is induced by the integral quadratic form
∑
µ2i . In our running example, it has the the
matrix
(
5 −1
−1 2
)
.
Because of (115), there is an action of
Λ = cochar(A)
on FQ,n by q-difference operators lifting its action by
(a, q)
σ−−−−→ (σ(q)a, q) .
It induces an action on the toric (r + 1)-fold defined by the Legendre transform of Q. In
particular, the tiling on the left in Figure 6 is Z2-periodic, while the tiling on the right is
invariant under
(
5 −1
−1 2
)
Z2.
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C.2.3
Over C, there is an obvious correspondence between algebraic subgroups Γ ⊂ A and Lie
subgroups of its compact form a/Λ. In general, it can be rephrased as follows.
Recall that the equations of a subgroup Γ ⊂ A are encoded by the kernel in the following
exact sequence
0→ Γ⊥ → char(A)→ char(Γ)→ 0 .
We define
log Γ = {x ∈ a |λ(x) ∈ Z,∀λ ∈ Γ⊥} , (117)
This is a Lie subgroup of a and a periodic locally finite arrangement of affine subspaces of a.
We also define the subgroup exp(η) ⊂ A by
(exp η)⊥ = {λ ∈ char(A) |λ(η) ∈ Z} . (118)
We will be using (118) in the situation when η is not necessarily a subgroup, in particular,
when it a stratum in a stratification of a. In this case, log exp η is the closed subgroup of
a/Λ generated by η.
C.2.4
Consider
Proj
⊕
n≥0
FΛQ,n . (119)
This is scheme over the spectrum of FQ,0 = R[[q]].
With q inverted, (119) is an Abelian variety, namely EllA(pt) for the elliptic curve ETate,
also with q inverted. The q = 0 fiber is a union of toric varieties corresponding to orbits of
Λ on the tiling of a∗.
Note that, in general, the torus A action on the toric varieties in the q = 0 fiber of (119)
is not faithful. For instance, the quadrilaterals in the tiling on the right in Figure 6 are dual
to the points
{(1
2
, 0), (1
2
, 1
2
)}+ Z2 ⊂ aQ (120)
in the hyperplane arrangements on the left in the same figure. This means that the cor-
responding facets have the slopes (120), and hence intersect the lattice Z3 in lattices that
projects to sublattices of index 2 in charA ∼= Z2.
More generally, let η ⊂ a be a stratum of our hyperplane arrangement, let η∨ be the dual
stratum of a∗ and let Oη∨ be the corresponding torus orbit in the q = 0 fiber of (119). We
have Oη∨ ∼= A/ exp(η), while we would like to have
Oη∨ ∼= A/ exp(dη) , (121)
where dη ⊂ a is the tangent space to η and exp(dη) ⊂ A is the corresponding subtorus. Note
that exp(dη) is the reduced component of the identity of exp(η).
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To achieve this, we do a base change of the form q = (q1/M)M where M is so divisible
that all facets of Q∨ intersect the lattice charA⊕ 1
M
Z in the same lattice as their projection
to charA. We define
EQ = Proj
⊕
n≥0
FΛQ,n[q
1/M ] . (122)
For instance, in our running example, it suffices to introduce q1/2.
C.3 Fractional shifts
As a projective spectrum, EQ is constructed together with a distinguished ample line bundle
O(Q). We now want to geometrically realize shifts of O(Q) by points of finite order in the
Picard group of the generic fiber.
The generic fiber EQ,gen of EQ is the product of r elliptic curves and hence, principally
polarized. This gives an identification of the points of finite order
Pic0(EQ,gen)tors ∼= (EQ,gen)tors .
We have, see [26],
0→ µ∞ → (ETate,gen)tors ν−−−−→ Q/Z→ 0
where the quotient is a constant group scheme over the spectrum of of R. In our situation,
this sequence is canonically split by fractional powers of q.
Correspondingly
Pic0(EQ,gen)tors = a
∗
Q/ char(A)⊕ Hom(Λ, µ∞) . (123)
The second term in (123) is realized by taking spectrum of the corresponding covariant
algebra in (122). In concrete terms, this amounts to taking c ∈ µ∞ in (105).
Lemma C.3. The first term in (123) is realized by
Q 7→ Q + λ , λ ∈ a∗Q .
Note that this shifts all tiles in a∗ by λ. If ∆ ⊂ a is one such tile, then it replaces the line
bundle O(∆) on the corresponding toric variety by the sheaf O(∆λ) as in Section 3.1. In
particular, if λ is integral this doesn’t change EQ and shifts O(Q) by a character.
Proof. Let N denote the order of λ in a∗Q/ char(A) as in Section 3.1.7. The function
Qλ = Q + λ
is integral for the torus AN in (41) hence the formula (122) produces a scheme EQ,N with
µN -equivariant line bundle such that
(EQλ ,O(Qλ)) = (EQ,N ,O(Q) a
λ)
/
µN .
Over the generic fiber, this is an isogeny and realizes the required twist via
char(µN) = Z/NZ
λ−−−−→ a∗Q/ char(A) .
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In more familiar terms, the above proposition says that one can take the shift c in (105)
to lie in µ∞qQ. Indeed, shifting the variables by a fractional power of q has the effect of
adding a fractional linear function to Q.
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